A numerical scheme based on the Fourier series method is developed for the solution of Laplace's equation on a polygonal domain. This scheme is applied to the solution of the pure mode III fracture mechanics problem. For the single edge cracked strip problem under out-of-plane loading, the value of the J-Integral evaluated from the Fourier solution was found to be in good agreement with classical solution. The real power of the scheme lies in its applicability to general polygonal shapes. This capability is illustrated by three sample problems that involve strips with a slanted crack, multiple cracks and branching cracks under mode III loading.
INTRODUCTION
The current study was initiated to develop an efficient computational approach to solve boundary value problems in domains of complex shape. The first phase of the study centers on the solution of second order elliptic partial differential equation under two-dimensional domains. With the exception of simple geometries, classical approaches often fail to give the desired results. Numerous numerical schemes have been developed to handle this situation. These include the finite element method, finite difference method, and the boundary element method. However, these methods often involve prohibitively high computational and/or user set-up times. These problems are exaggerated in certain applications such as fracture mechanics. An example is the complicated mesh patterns required to capture the stress variations around a single crack. The time and skills necessary to perform this task are significant. It is the purpose of this study to alleviate these difficulties.
The Fourier series method is taken as our approach. By using a kernel function that is the solution of a half-plane problem governed by the equation to be solved, influence coefficients can be derived. These coefficients relate the Fourier series coefficients of all sides of the domain to each other. The superposition principle is used to sum up the influences from all sides of the domain and thus build up a system of linear equation. The boundary value problem is essentially reduced to the solution of this linear system of equations.
Due to the characteristic of the kernel function, the restriction on the domain is that it must be convex. However, an effective scheme for combining several convex domains into concave and multiply-connected domains has been developed.
With no numerical integrations involved, this approach is very efficient from a computational standpoint. Another major advantage of the method is the ease of setting up problems. No mesh generation is required. The user simply has to subdivide the domain into a number of convex regions. This contrasts with the amount of work involved in setting up finite element meshes for complicated geometries.
In this paper, the Fourier series method is specifically applied to the mode III fracture mechanics problem. The governing equation of which is the Laplace's equation. For verification purposes, the J-Integral was calculated for the classical case of the single edge cracked strip. Fourier results were compared with analytical results. A few examples are also provided to illustrate the versatility of the Fourier series method.
APPROACH
For this phase of the study in [1] , the governing equation to be solved is the Laplace's equation given as
where O represents a polygonal domain and dOi U dD2 = dQ represents the boundary of the domain. In other words, the boundary condition of our problem can be of the Neumann type, Dirichlet type, or mixed. An example of the type of problem to be solved is given in Fig 1. For arbitrary shapes, analytical solutions are impossible to obtain. Instead of attacking the problem directly, a simpler problem, which has a readily available solution, is approached and then related to the desired problem. This simpler problem is the half-plane problem under Eq (1).
For an arbitrary input f(x) on line p (Fig 2) , which is located along the edge of the half-plane, the Fourier representation of which is where C% are the Fourier cosine coefficients, and Lp is the length of line p. The solution of this half-plane problem is
Introducing the notation
The next step involves determining the response of this solution on an arbitrary line, named line q, in the half-plane. For a point on line q, its coordinate can be written as z{s) = zcj + se'Y, where 2D is the coordinate of the starting point of line q, s is the distance measured from zo along q, and Y is the angle between lines p and q (Fig 2) . The response on line q due to the input ^(x) on line p can be expressed as
Again using a Fourier cosine expansion, this response can be expanded in the form 
where /Vis the number of sides of the polygonal domain.
To facilitate a numerical solution of the problem, a finite number of harmonics is taken. Eq (11) reduces to Appl Mech Rev 1991 Supplement
where jiAap represents the number of harmonics on side p, and nfiag represents the number of harmonics on side q. Eq (12) can be put into matrix form
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A(& JLC^DJ (13) where the superscripts denote the number of the boundaries, and the subscripts denote the number of harmonics on the corresponding boundaries. For brevity, Eq (13) can be written as
APPLICATION TO MODE II! FRACTURE MECHANICS
With <p taken as U3, the out-of-plane displacement, Eq (1) becomes the governing equation of the antiplane problem of linear elasticity
Thus, the Fourier series method proposed above is applicable to the class of antiplane problems under mode III fracture mechanics. For verification purposes, the first problem solved by the Fourier series method is the classical case consisting of an infinitely long single edge cracked strip with unit width (Fig 3) . The crack length is taken as half the strip width, and the shear stress (732) normalized by the shear modulus (u) has a value of ten.
where F is the vector containing the Fourier cosine coefficients of the boundary conditions of the problem, A is the matrix containing the influence coefficients, which can be obtained from Eq (9), and finally, C is the vector of undetermined Fourier coefficients. In essence, the boundary value problem has been reduced to the solution of this matrix equation.
After solving for C, the solution of any point in the polygonal domain can be obtained by where v represents the outer normal direction of the boundary. Due to the presence of the exponential term in the kernel function, the technique described so far works only in the case of convex domains. For concave domains, exponentially increasing terms will be present in some parts of the domain. To overcome this problem, the concave region is sub-divided into a number of convex domains through the introduction of internal boundaries. The continuity conditions imposed on these internal boundaries can be used as the additional conditions required to solve this problem. After the solution of the Fourier coefficients on the internal boundaries, the whole problem can then be decoupled into independent problems for each convex polygon.
A good measure of the accuracy of the Fourier solution is to evaluate the J-Integral [2] for an arbitrary contour around the crack-tip. From the J-Integral, the mode III stress intensity factor can be easily obtained with
Analytical solution [3] yields a value of 14.14 for Km'fJApproximating the infinite strip as finite strips with lengthto-width ratios of one, two and three gave results of 14.32, 14.28, and 14.23, respectively. These calculations were performed with seventeen Fourier harmonics on each line segment. Thus, good agreements with percentage differences smaller than 1.3% were obtained between Fourier and classical solutions of KH/JJ.
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The next step of the verification involves the path independence of the J-Integral. Three different rectangular contours were used in the calculation of the J-Integral, with the largest contour going around the outer boundary of the strip. Negligible differences were found between the JIntegral values from the various contours, with the largest percentage difference less than 0.1%. Thus, path independence of the J-Integral is assured.
With encouraging results from the above test case, the Fourier series method was applied to a number of increasingly complicated mode III fracture mechanics problems. The first problem is a strip with a slanted crack under out-of-plane loading (Fig 4) . The domain was subdivided into four convex domains (Fig 5) . Seventeen Fourier cosine harmonics were used on each line segment to generate the no/fJ plot in Fig 6. The second problem involves a multiply cracked strip under out-of-plane loading (Fig 7) . Only eight elements were required to "mesh" the strip (Fig 8) . With seventeen harmonics on each line segment of the convex polygons, the calculated m/n is given in Fig 9. The last example involves branching cracks under antiplane loading (Fig 10) . The domain was divided into nine convex regions (Fig 11) . Seventeen Fourier harmonics were used in the calculation of the T$/JJ plot shown in Fig  12. The next phase of this research involves developing a Fourier solution scheme for the biharmonic equation in arbitraiy two-dimensional polygonal domains. This will address problems in plate bending, and plane stress and plane strain problems in elasticity.
CONCLUSIONS
A Fourier series method has been successfully developed for the solution of Laplace's equation in arbitrary twodimensional polygonal shapes. As one example, this approach is applicable to the solution of problems in mode III fracture mechanics.
For the single edge cracked strip, good agreements between analytical and Fourier results were obtained. The path independence of the J-Integral was also checked.
As demonstrated by the sample problems, extremely simple meshes are required, even in the presence of stress singularities at the crack-tips. This translates to a very short user set-up time. No special crack-tip elements are involved.
The method is also highly efficient. All the sample cases in this paper require less than one CPU minute of computational time on a CONVEX mainframe.
